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WEYL GROUPS AND VERTEX OPERATOR ALGEBRAS
GENERATED BY ISING VECTORS SATISFYING (2B, 3C)
CONDITION
HSIAN-YANG CHEN AND CHING HUNG LAM
Abstract. In this article, we construct explicitly certain moonshine type vertex oper-
ator algebras generated by a set of Ising vectors I such that
(1) for any e 6= f ∈ I, the subVOA VOA(e, f) generated by e and f is isomorphic to
either U2B or U3C ; and
(2) the subgroup generated by the corresponding Miyamoto involutions {τe| e ∈ I} is
isomorphic to the Weyl group of a root system of type An, Dn, E6, E7 or E8.
The structures of the corresponding vertex operator algebras and their Griess algebras
are also studied. In particular, the central charge of these vertex operator algebras are
determined.
1. Introduction
The study of Ising vectors or simple conformal vectors of central charge 1/2 was initiated
by Miyamoto [Mi]. He noticed that one can define certain involutive automorphisms of a
VOA by using Ising vectors and the corresponding fusion rules. These automorphisms are
often called Miyamoto automorphisms or Miyamoto involutions. When V is the famous
Moonshine VOA V ♮, Miyamoto [Mi2] also showed that there is a 1-1 correspondence
between the 2A involutions of the Monster group and Ising vectors in V ♮ (see also [Ho¨]).
This correspondence turns out to be very useful for studying some mysterious phenomena
of the Monster group and many problems about 2A-involutions of the Monster group can
be translated into questions about Ising vectors. In [LYY1, LYY2], McKay’s observation
on the affine E8-diagram has been studied using Miyamoto involutions. In particular,
certain VOAs generated by 2 Ising vectors were constructed explicitly. There are nine
cases and they are denoted by U1A, U2A, U2B, U3A, U3C , U4A, U4B, U5A, and U6A because
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of their connection to the 6-transposition property of the Monster group (cf. [LYY1,
Introduction]), where 1A, 2A, . . . , 6A denote certain conjugacy classes of the Monster
(see [ATLAS]).
In [Sa], Griess algebras generated by 2 Ising vectors contained in a moonshine type VOA
V over R with a positive definite invariant form are classified. There are also nine possible
cases, and they correspond exactly to the Griess algebra GUnX of the nine VOAs UnX ,
for nX ∈ {1A, 2A, 2B, 3A, 3C, 4A, 4B, 5A, 6A}. In addition, he proved that Miyamoto
involutions associated to Ising vectors satisfy a 6-transposition property, namely,
|τeτf | ≤ 6 for any Ising vectors e, f ∈ V.
Motivated by the work of Sakuma [Sa], Ivanov axiomatized the properties of Ising
vectors and introduced the notion of Majorana representations for finite groups in his
book [Iv]. In particular, the famous 196884-dimensional Monster Griess algebra con-
structed by Griess [G] is a Majorana representation of the Monster simple group. Ivanov
and his research group also initiated a program on classifying the Majorana representa-
tions for various finite groups [Iv2, Iv3, IS, IPSS]. It turns out that most known examples
of Majorana representations are constructed as certain subalgebras of the Monster Griess
algebra.
One fundamental question of the theory is to determine what kinds of (6-transposition)
groups can be generated by Miyamoto involutions and what are the structures of the
corresponding Griess algebras and vertex operator algebras. Up to now, almost all known
examples are related to the Monster simple group M and the Moonshine VOA V ♮. There-
fore, it is very interesting to see if there are non-trivial examples which are not contained
in the Moonshine VOA. In this article, we construct a series of examples associated to
the Weyl groups. The main result is an explicit construction of certain moonshine type
vertex operator algebras generated by a set of Ising vectors I such that
(1) for any e 6= f ∈ I, the subVOA VOA(e, f) generated by e and f is isomorphic to
either U2B or U3C ; and
(2) the subgroup generated by the corresponding Miyamoto involutions {τe| e ∈ I} is
isomorphic to the Weyl group of a root system of type An, Dn, E6, E7 or E8.
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The structures of the corresponding vertex operator algebras and their Griess algebras
are also studied. In particular, the central charge of these vertex operator algebras are
determined. Our construction in some sense is an E8-analogue of [LSa] and [LSY], in
which certain VOAs generated by Ising vectors associated to norm 4 vectors of the lattice
A1 ⊗R ∼=
√
2R for some root lattice R are considered.
The organization of this article is as follows. In Section 2, we recall the basic notion of
lattice VOA and the definitions of Ising vectors and Miyamoto involutions. In particular,
we recall some basic properties of the so-called 2B and 3C-algebras from [LYY1]. We also
review the construction of certain Ising vectors in lattice VOA from [DLMN]. In Section
3, we give an explicit construction of a certain VOA generated by Ising vectors such that
the subgroup generated by the corresponding Miyamoto involutions is isomorphic to the
Weyl group of a root system of type A, D or E. The main idea is to consider a certain
integral lattice which has many sublattices isometric to
√
2E8. In Section 4, we study
the Griess algebra generated by the Ising vectors and determine the central charge of the
corresponding VOA. In Section 5, we give a more detailed study for the type A case. In
addition, we also give a construction of a VOA such that the subgroup generated by the
corresponding Miyamoto involutions has the shape 3n−2 : Sn if n = 0 mod 3 or 3n−1 : Sn
if n 6= 0 mod 3.
2. Preliminary
Our notation for the lattice vertex operator algebra
(1) VL =M(1)⊗ C{L}
associated with a positive definite even lattice L is standard [FLM]. In particular, h =
C⊗ZL is an abelian Lie algebra and we extend the bilinear form to h by C-linearity. The
set hˆ = h⊗C[t, t−1]⊕Ck is the corresponding affine algebra and Ck is the 1-dimensional
center of hˆ. The subspace M(1) = C[αi(n)| 1 ≤ i ≤ d, n < 0] for a basis {α1, · · · , αd} of
h, where α(n) = α⊗ tn, is the unique irreducible hˆ-module such that α(n) · 1 = 0 for all
α ∈ h, n nonnegative, and k = 1. Also, C{L} = Span{eβ| β ∈ L} is the twisted group
algebra of the additive group L such that eβeα = (−1)〈α,β〉eαeβ for any α, β ∈ L. The
vacuum vector 1 of VL is 1⊗ e0 and the Virasoro element ωL is 12
∑d
i=1 βi(−1)2 · 1 where
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{β1, · · · , βd} is an orthonormal basis of h. For the explicit definition of the corresponding
vertex operators, we shall refer to [FLM] for details.
Notation 2.1. Let L be an integral lattice. Its dual lattice L∗ is defined to be
L∗ = {β ∈ Q⊗Z L | 〈α, β〉 ∈ Z for all α ∈ L}.
The discriminant group of L is the quotient group D(L) = L∗/L. We also denote the
isometry group of L by O(L).
Definition 2.2. Let X be a subset of a Euclidean space. Define tX to be the orthogonal
transformation which is −1 on X and is 1 on X⊥.
Definition 2.3. A sublatticeM of an integral lattice L is RSSD (relatively semiselfdual) if
and only if 2L ≤ M+annL(M). This implies that tM maps L to L and hence tM ∈ O(L).
The property that 2M∗ ≤ M is called SSD (semiselfdual). It implies the RSSD prop-
erty.
Remark 2.4. Let
√
2E8 be the
√
2 times of the root lattice E8. Then D(
√
2E8) ∼= 28.
Therefore, the lattice
√
2E8 is an SSD and thus, for any sublattice E ∼=
√
2E8 ⊂ L, the
map tE defines an involution on L. We call such an involution tE an SSD involution
associated to E.
Definition 2.5. Let A and B be integral lattices with the inner products 〈 , 〉A and 〈 , 〉B,
respectively. The tensor product of the lattice A and B is defined to be the integral lattice
which is isomorphic to A⊗Z B as a Z-module and has the inner product given by
(2) 〈α⊗ β, α′ ⊗ β ′〉 = 〈α, α′〉A · 〈β, β ′〉B,
for any α, α′ ∈ A, and β, β ′ ∈ B. We simply denote the tensor product of the lattices A
and B by A⊗ B.
The next lemma can be found in [GL, Lemma 3.2 and 6.4] (cf. [GL1]).
Lemma 2.6. Let L be a positive definite even lattice with no roots, i.e., L(2) = {α ∈ L |
〈α, α〉 = 2} = ∅. Let M and N be √2E8-sublattices of L. Suppose M ∩N = 0 and tM tN
has order 3. Then M +N ∼= A2 ⊗ E8.
WEYL GROUPS AND VOA 5
2.1. Ising vectors and Miyamoto involutions.
Definition 2.7. Let V be a VOA. An element v ∈ V2 is called a simple Virasoro vector of
central charge c if the subVOA Vir(v) generated by v is isomorphic to the simple Virasoro
VOA L(c, 0) of central charge c.
Definition 2.8. A simple Virasoro vector of central charge 1/2 is called an Ising vector.
Remark 2.9. It is well known the VOA L(1
2
, 0) is rational and it has exactly 3 irreducible
modules L(1
2
, 0), L(1
2
, 1
2
), and L(1
2
, 1
16
) (cf. [DMZ, Mi]).
Remark 2.10. Let V be a VOA and let e ∈ V be an Ising vector. Then we have the
decomposition
V = Ve(0)⊕ Ve(1
2
)⊕ Ve( 1
16
),
where Ve(h) denotes the sum of all irreducible Vir(e)-submodules of V isomorphic to
L(1
2
, h) for h ∈ {0, 1
2
, 1
16
}.
Theorem 2.11 ([Mi]). The linear map τe : V → V defined by
(3) τe :=


1 on Ve(0)⊕ Ve(12),
−1 on Ve( 116),
is an automorphism of V .
On the fixed point subspace V τe = Ve(0) ⊕ Ve(1/2), the linear map σe : V τe → V τe
defined by
(4) σe :=


1 on Ve(0),
−1 on Ve(12),
is an automorphism of V τe.
2.1.1. 2B and 3C algebras. Next we recall the properties of the 2B-algebra U2B and the
3C-algebra U3C from [LYY2] (see also [Sa]).
Lemma 2.12 (cf. [LYY2]). Let e and f be Ising vectors such that 〈e, f〉 = 0. Then the
subVOA V OA(e, f) generated by e and f is isomorphic to L(1
2
, 0) ⊗ L(1
2
, 0). The VOA
V OA(e, f) ∼= L(12 , 0)⊗ L(12 , 0) is called the 2B-algebra and is denoted by U2B.
6 HSIAN-YANG CHEN AND CHING HUNG LAM
The followings can also be found in [LYY2, Section 3.9].
Lemma 2.13. Let U = U3C be the 3C-algebra defined as in [LYY2]. Then
(1) U1 = 0 and U is generated by its weight 2 subspace U2 as a VOA.
(2) dimU2 = 3 and it is spanned by 3 Ising vectors.
(3) There exist exactly 3 Ising vectors in U2, say, e
0, e1, e2. Moreover, we have
(ei)1(e
j) =
1
32
(ei + ej − ek), and 〈ei, ej〉 = 1
28
for i 6= j and {i, j, k} = {0, 1, 2}.
(4) The subgroup generated by τe0, τe1, and τe2 is isomorphic to the symmetry group
S3 and τei(e
j) = ek, where {i, j, k} = {0, 1, 2}.
(5) The Virasoro element of U is given by
32
33
(e0 + e1 + e2).
(6) Let a = 32
33
(e0 + e1 + e2) − e0. Then a is a simple Virasoro vector of central
charge 21/22. Moreover, the subVOA generated by e0 and a is isomorphic to
L(1
2
, 0)⊗ L(21
22
, 0).
The decomposition of U3C as a sum of irreducible Vir(e
0) ⊗ Vir(a)-modules is also
obtained.
Proposition 2.14 (Theorem 3.35 of [LYY2]). As a module of L(1
2
, 0)⊗ L(21
22
, 0),
U3C ∼= L(1
2
, 0)⊗ L(21
22
, 0)⊕ L(1
2
, 0)⊗ L(21
22
, 8)
⊕ L(1
2
,
1
2
)⊗ L(21
22
,
7
2
)⊕ L(1
2
,
1
2
)⊗ L(21
22
,
45
2
)
⊕ L(1
2
,
1
16
)⊗ L(21
22
,
31
16
)⊕ L(1
2
,
1
16
)⊗ L(21
22
,
175
16
).
Definition 2.15. Let V be a moonshine type VOA (i.e., V = ⊕∞n=0Vn, dimV0 = 1 and
V1 = 0) and let I ⊂ V be a set of Ising vectors. We say that I satisfies the (2B, 3C)
condition if for any e, f ∈ I with e 6= f , the subVOA generated by e and f is either
isomorphic to U2B or U3C .
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2.2. Ising vectors in V +L with L(2) = ∅. Next we review the construction of certain
Ising vectors in the lattice type VOA V +L with L(2) = ∅ [DLMN]. There are two different
types, which we call A1-type and E8-type.
A1-type Ising vectors. Let a ∈ L be a norm 4 vector. Then the elements
ω±(a) :=
1
16
a(−1)2 · 1± 1
4
(ea + e−a)
are Ising vectors (see [DLMN] or [DMZ]).
E8-type Ising vectors. Let E ∼=
√
2E8 be a sublattice of L. Define
eE :=
1
16
ωE +
1
32
∑
α∈E(4)
eα ∈ VE ,
where ωE denotes the conformal element of the lattice VOA VE. Then eE is an Ising
vector (c.f. [DLMN, GL, LYY1]).
Now let L be a positive definite even lattice and let
L∗ = {α ∈ Q⊗Z L | 〈α, β〉 ∈ Z for all β ∈ L}
be the dual lattice of L. For x ∈ L∗, define a Z-linear map ϕx : L→ Z2 by
ϕx(y) = 〈x, y〉 mod 2.
Clearly the map
ϕ : L∗ −→ HomZ(L,Z2)
x 7−→ ϕx
is a surjective group homomorphism and kerϕ = 2L∗. Hence, we have HomZ(L,Z2) ∼=
L∗/2L∗. For α ∈ L∗, ϕα induces an automorphism of VL given by
ϕα(u⊗ eβ) = (−1)〈α,β〉u⊗ eβ for u ∈M(1) and β ∈ L.
Now suppose L = E ∼= √2E8. Then E∗ = 12E and E∗/2E∗ = 12E/E ∼= E8/2E8. For
x ∈ E∗ = 1
2
E,
ϕx(eE) =
1
16
ω′ +
1
32
∑
α∈E(4)
(−1)〈x,α〉(eα + e−α)
is also an Ising vector in V +E and we have 256(= 2
8) Ising vectors of this form.
The Ising vectors in the lattice type VOA V +L with L(2) = ∅ has been classified by
Shimakura [Sh2]. They are either of A1 or E8-type.
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Theorem 2.16. Let L be an even (positive definite) lattice with L(2) = ∅. Suppose
e ∈ V +L is an Ising vector. Then either e = ω±(α) for some α ∈ L with 〈α, α〉 = 4 or
e = ϕx(eE) for some sublattice E ∼=
√
2E8 in L and x ∈ 12E.
2.2.1. Automorphism group of V +L for even lattice L with no roots. Next we recall some
information about the automorphism group of the lattice type VOA V +L from [Sh] (see
also [LS]).
Let L be a positive definite even lattice and
1 −→ 〈κ〉 −→ Lˆ−¯→L −→ 1
a central extension of L by 〈κ〉 ∼= Z2 such that the commutator map c0(α, β) = 〈α, β〉
mod 2, for α, β ∈ L. The following theorem is well-known (cf. [FLM]):
Theorem 2.17. For an even lattice L, the sequence
1 −→ Hom(L,Z2)−→Aut Lˆ η−→ O(L) −→ 1
is exact.
Recall that θ is the automorphism of VL defined by
θ(α1(−n1) · · ·αk(−nk)eα) = (−1)kα1(−n1) · · ·αk(−nk)θ(eα),
where θ(a) = a−1κ〈a¯,a¯〉/2 on Lˆ.
Lemma 2.18. ([[Sh]]) Let L be a positive definite even lattice without roots, i.e., the set
L(2) = {α ∈ L | 〈α, α〉 = 2} = ∅. Then the centralizer CAutVL(θ) of θ in Aut VL is
isomorphic to Aut Lˆ. In particular, CAutVL(θ)
∼= Aut Lˆ ∼= 2rank L.O(L).
Proposition 2.19 (Proposition 4.12 of [LS]). Let E ∼= √2E8 be a sublattice of L and e
an Ising vector in VL of the form ϕx(eE). Then τe ∈ CAutVL(θ) and the image of τe under
the canonical epimorphism
η : CAutVL(θ)(
∼= Aut Lˆ) −→ CAutVL(θ)/Hom(Λ,Z2) ∼= O(L)
is equal to tE, the SSD involution associated to E.
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3. Weyl groups and VOA generated by Ising vectors
In this section, we shall construct a certain VOA generated by Ising vectors such that
the subgroup generated by the corresponding Miyamoto involutions is isomorphic to the
Weyl group of a root system of type A, D or E. The main idea is to consider a certain
integral lattice which has many sublattices isometric to
√
2E8.
We use the standard model for the root lattices of type An−1 and Dn [CS], namely,
An−1 = {
n∑
i=1
aiǫi | ai ∈ Z,
n∑
i=1
ai = 0},
Dn = {
n∑
i=1
aiǫi | ai ∈ Z,
n∑
i=1
ai ≡ 0 mod 2},
where {ǫ1, . . . , ǫn} is an orthonormal basis of Rn.
The root lattice of type E8 is then given by
E8 = spanZ
{
D8,
1
2
(ǫ1 + · · ·+ ǫ8)
}
.
Recall that the lattice VOA VE8 is an irreducible level 1 highest weight representation
of the affine Kac-Moody Lie algebra of type E
(1)
8 [FLM]. Moreover, VE8
∼= LE8(1, 0) as a
VOA.
Notation 3.1. Let X = E8 ⊥ · · · ⊥ E8 be an orthogonal sum of n copies of E8. Let X(i)
be the i-th copy of E8 in X and let ιi : E8 → X(i) ⊂ X be the natural injection.
For any i 6= j, we define
νi,j := ιi − ιj and µi,j := ιi + ιj .
We also define d = dn := ι1 + · · ·+ ιn.
Lemma 3.2. Let An−1 = spanZ{νi,j(α) | α ∈ E8, 1 ≤ i < j ≤ n} and
Dn = spanZ{νi,j(α), µi,j(α) | α ∈ E8, 1 ≤ i < j ≤ n}.
Then An−1 ∼= An−1 ⊗ E8 and Dn ∼= Dn ⊗ E8.
Proof. Let {α1, . . . , α8} be a basis of E8. Then {(ǫi − ǫi+1) ⊗ αk | i = 1, . . . , n − 1, k =
1, . . . , 8} is a basis of An−1 ⊗E8. Define a Z-linear map f : An−1 ⊗ E8 → An−1 by
f((ǫi − ǫi+1)⊗ αk) = νi,i+1(αk).
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By a direct calculation, it is easy to verify that the Gram matrix
(〈(ǫi − ǫi+1)⊗ αk, (ǫj − ǫj+1)⊗ αℓ〉)
of An−1⊗E8 is the same as the Gram matrix (〈νi,i+1(αk), νj,j+1(αℓ)〉) of An−1. Therefore,
f is an isometry and An−1 ∼= An−1 ⊗ E8. Similarly, we also have Dn ∼= Dn ⊗E8. 
The next two lemmas can also be proved by computing their Gram matrices.
Lemma 3.3. Let n = 8 and let
E8 = spanZ
{
D8, 1
2
d(E8)
}
⊂ 1
2
X.
Then E8 ∼= E8 ⊗E8, which is an even unimodular lattice.
Lemma 3.4. Let
E7 = {b ∈ E8 | 〈b, 1
2
d(α)〉 = 0 for all α ∈ E8},
E6 = {b ∈ E8 | 〈b, 1
2
d(α)〉 = 〈b, µ1,8(α)〉 = 0 for all α ∈ E8}
Then E7 ∼= E7 ⊗E8 and E6 ∼= E6 ⊗E8.
Next we fix a 2-cocycle on the rational lattice 1
2
X . Let {α1, . . . , α8} be a basis of the
root lattice E8 and set
x1 =
α1
2
, x2 =
α2
2
, . . . , xn =
αn
2
.
Then {x1, . . . , xn} is a basis of 12E8.
Notice that 4〈x, y〉 ∈ Z for x, y ∈ 1
2
E8. By [FLM, (5.2.14)] and [LL, Remark 6.4.12],
we can define a bilinear 2-cocycle ε0 :
1
2
E8 × 12E8 → Z8 by defining
ε0(xi, xj) =


4〈xi, xj〉 mod 8 if i > j,
2〈xi, xi〉 = 1 mod 8 if i = j,
0 mod 8 if i < j.
(5)
We also extend the 2-cocycle ε0 to (
1
2
E8)
n by defining
ε0
(
(a1, · · · , an), (b1, · · · , bn)
)
=
n∑
i=1
ε0(ai, bi)
for ai, bi ∈ 12E8, i = 1, · · · , n.
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In addition, we define ε : 1
2
X × 1
2
X → C∗ by setting
ε(α, β) := exp(2π
√−1ε0(α, β)/8) for α, β ∈ 1
2
X.
Lemma 3.5. Let R be a root lattice of type A, D, or E. Using the identification of R⊗E8
in Lemma 3.2 and Lemma 3.3, we have
ε(α⊗ γ, β ⊗ γ) = −1
for any α, β ∈ Φ(R) with 〈α, β〉 = ±1.
Proof. We continue to use the standard model for root lattices of type A, D, and E. For
R = An−1 or Dn, 〈α, β〉 = ±1 if and only if α = ǫi± ǫj and β = ±(ǫj ± ǫk) for some i, j, k.
Thus, by the identification in Lemma 3.2, we have
ε(α⊗ γ, β ⊗ γ) = ε(±ιj(γ),±ιj(γ)) = −1.
For R = E8, E7, E6, let α =
∑8
i=1 aiǫi and β =
∑8
i=1 biǫi for ai, bi ∈ 12Z. Then
ε0(α⊗ γ, β ⊗ γ) =
8∑
i=1
aibiε0(±ιi(γ),±ιi(γ)) = 4〈α, β〉 = ±4.
Hence, ε(α⊗ γ, β ⊗ γ) = −1. 
Notation 3.6. Let R be a root lattice. We use Φ(R) and Φ+(R) to denote the set of all
roots and positive roots of R, respectively.
Notation 3.7. For any α ∈ Φ(R), set
Mα := Zα ⊗E8 ⊂ R⊗ E8.
Then Mα ∼=
√
2E8. We also define
e(α) := eMα =
1
16
ωMα +
1
32
∑
β∈Φ+(E8)
(eα⊗β + e−α⊗β)
to be the standard Ising vector associated toMα. Note thatMα = M−α and e(α) = e(−α).
Remark 3.8. Again using the identification in Lemmas 3.2 and 3.3, the 2-cocyle ε0
defined in Equation (5) is trivial on Mα for any root α ∈ Φ(R)
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Lemma 3.9. For any α, β ∈ Φ+(R) with α 6= β, we have
Mα +Mβ ∼=


A2 ⊗ E8, if 〈α, β〉 = ±1,
√
2E8 ⊥
√
2E8, otherwise .
Proof. Since α 6= β and α, β are roots, we have 〈α, β〉 = ±1 or 0.
If 〈α, β〉 = ±1, then Mα ∩Mβ = 0 and tMαtMβ has order 3. Hence Mα+Mβ ∼= A2⊗E8
by Lemma 2.6.
If 〈α, β〉 = 0, then 〈Mα,Mβ〉 = 0 and we haveMα+Mβ ∼=
√
2E8 ⊥
√
2E8 as desired. 
Lemma 3.10. Let α, β be roots of R. Then we have
e(α)1e(β) =
1
32
(e(α) + e(β)− e(α + β))
if 〈α, β〉 = −1.
Proof. Recall from [FLM, (8.9.55)] that
(
h(−1)2 · 1)
1
(
g(−1)2 · 1) = 4〈h, g〉h(−1)g(−1) · 1
and
(ea + e−a)1(eb + e−b) =


ε(a, b)(ea±b + e−(a±b)) if 〈a, b〉 = ∓2,
a(−1)2 · 1 if 〈a, b〉 = ±4,
0 otherwise,
for any norm 4 vectors a, b and for any g, h ∈ h.
Let {h1, . . . , h8} be an orthonormal basis of Q ⊗ Mα and let h′i = tMαtMβhi. Then
{h′1, . . . , h′8} is an orthonormal basis of Q⊗Mβ and we have
〈hi, h′j〉 = −
1
2
〈hi, hj〉 = −1
2
δi,j.
In addition, ωMα =
1
2
∑
hi(−1)2 · 1, ωMβ = 12
∑
h′i(−1)2 · 1 and
(ωMα)1(ωMβ) =
1
4
8∑
i=1
4 · (−1
2
)hi(−1)h′i(−1) · 1 = −
1
2
8∑
i=1
hi(−1)h′i(−1) · 1.
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Thus,
e(α)1e(β) =
1
210

2ωMα + ∑
γ∈Φ+(E8)
(eα⊗γ + e−α⊗γ)


1

2ωMβ +
∑
γ∈Φ+(E8)
(eβ⊗γ + e−β⊗γ)


=
1
210

−2
8∑
i=1
hi(−1)h′i(−1) · 1+
∑
γ∈Φ+(E8)
(eα⊗γ + e−α⊗γ) +
∑
γ∈Φ+(E8)
(eβ⊗γ + e−β⊗γ)
+

 ∑
γ∈Φ+(E8)
(eα⊗γ + e−α⊗γ)


1

 ∑
γ∈Φ+(E8)
(eβ⊗γ + e−β⊗γ)




=
1
210

−2
8∑
i=1
hi(−1)h′i(−1) · 1+
∑
γ∈Φ+(E8)
(eα⊗γ + e−α⊗γ) +
∑
γ∈Φ+(E8)
(eβ⊗γ + e−β⊗γ)
+
∑
γ∈Φ+(E8)
ε(α⊗ γ, β ⊗ γ)(e(α+β)⊗γ + e−(α+β)⊗γ)


=
1
32
(e(α) + e(β)− e(α + β)) .
Note that −2hi(−1)h′i(−1) · 1 = [hi(−1)2 + h′i(−1)2 − (hi + h′i)(−1)2] · 1. 
Lemma 3.11. For any α, β ∈ Φ+(R), we have
〈e(α), e(β)〉 =


1
4
if α = β,
1
28
if 〈α, β〉 = ±1,
0 if 〈α, β〉 = 0.
Proof. First we note that 〈α, β〉 = 0,±1, or 2 for any α, β ∈ Φ+(R).
If 〈α, β〉 = 2, then α = β and e(α) = e(β). Thus, 〈e(α), e(β)〉 = 1/4.
If 〈α, β〉 = 0, then Mα ⊥Mβ and hence 〈e(α), e(β)〉 = 0.
If 〈α, β〉 = ±1, then Mα ∩Mβ = 0 and Mα +Mβ ∼= A2 ⊗ E8. In this case, we have
〈e(α), e(β)〉 =
(
1
16
)2
〈ωMα, ωMβ〉.
As in the proof Lemma 3.10, let {h1, . . . , h8} be an orthonormal basis of Q ⊗Mα and
let h′i = tMαtMβhi. Then we have 〈hi, h′j〉 = −12δi,j, ωMα = 12
∑
hi(−1)2 · 1 and ωMβ =
14 HSIAN-YANG CHEN AND CHING HUNG LAM
1
2
∑
h′i(−1)2 · 1. Thus,
〈ωMα, ωMβ〉 =
1
4
8∑
i=1
2〈hi, h′i〉2 =
1
4
· 8 · 2 ·
(
−1
2
)2
= 1.
Hence, 〈e(α), e(β)〉 = 1/28 as desired. 
Corollary 3.12. Let α, β ∈ Φ+(R) with α 6= β. Then the subVOA generated by e(α) and
e(β) is
VOA(e(α), e(β)) ∼=


U3C if 〈α, β〉 = ±1,
U2B if 〈α, β〉 = 0.
Notation 3.13. From now on, we define WR to be the sub-VOA generated by I = IR =
{e(α) | α ∈ Φ+(R)}. We also denote the subgroup generated by the Miyamoto involutions
{τe| e ∈ I} by G(R) or simply by G.
Remark 3.14. By definition, it is clear that e(α) ∈ V +R⊗E8 for all α ∈ Φ+(R). Thus,
WR ⊂ V +R⊗E8 has zero weight one subspace. Hence WR is a moonshine type VOA. Note
also that the set I = IR = {e(α) | α ∈ Φ+(R)} satisfies the (2B, 3C) condition by
Corollary 3.12.
3.0.2. Groups generated by Miyamoto involutions. For any g ∈ O(R) and g′ ∈ O(E8), the
map g ⊗ g′ acts as an isometry on R⊗E8 by
g ⊗ g′(α⊗ β) = g(α)⊗ g′(β) for α ∈ R, β ∈ E8.
Therefore, we can view the central product O(R) ∗O(E8) as a subgroup of O(R⊗E8).
Notation 3.15. For α ∈ Φ(R), let rα ∈ Weyl(R) be the reflection associated to α, i.e.,
rα(β) = β − 〈α, β〉α for β ∈ R.
Lemma 3.16. Let α ∈ Φ(R). Then the SSD involution tMα acts as rα ⊗ 1 on R⊗ E8.
Proof. Recall that tMα acts as −1 on Mα and acts as 1 on annR⊗E8(Mα). Therefore,
tMα(α⊗ γ) = −α⊗ γ and tMα(β ⊗ γ) = β ⊗ γ
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for any γ ∈ E8 and β ∈ R with 〈α, β〉 = 0. Hence
tMα(β ⊗ γ) = rα(β)⊗ γ for any γ ∈ E8, β ∈ R
and we have tMα = rα ⊗ 1 on R⊗ E8. 
Proposition 3.17. Let η¯ : CAut (VR⊗E8 )(θ)/〈θ〉 −→ O(R ⊗ E8)/〈±1〉 be the natural epi-
morphism defined in Theorem 2.17. Then
η¯(G(R)) ∼= Weyl(R)/(Weyl(R) ∩ 〈±1〉).
Proof. Since tMα = rα ⊗ 1 on R ⊗E8 and η(τe(α)) = tMα , we have
η(G(R)) = 〈tMα | α ∈ Φ+(R)〉 = 〈rα ⊗ 1 | α ∈ Φ+(R)〉 ∼= Weyl(R).
Therefore, we have
η¯(G(R)) ∼= Weyl(R)/(Weyl(R) ∩ 〈±1〉)
as desired. 
Lemma 3.18. For any α, β ∈ Φ(R), we have
τe(α)(e(β)) =


e(α± β) if 〈α, β〉 = ∓1,
e(β) otherwise.
Proof. It follows from Lemma 3.10 and Lemma 2.13 (4). 
Theorem 3.19. Let G = G(R) be the subgroup generated by {τe(α)|α ∈ Φ+(R)}. Then
G(R) ∼= Weyl(R)/(Weyl(R) ∩ 〈±1〉)
as a subgroup of Aut (WR).
Proof. By Lemma 3.18, G acts as a permutation group on {e(α) | α ∈ Φ+(R)}.
Let g ∈ ker η¯ ∩G. Then g(e(α)) = e(β) for some β ∈ Φ+(R).
Since g ∈ ker η¯, we also have g = ϕv for some v ∈ R ⊗ E8 by Theorem 2.17. Thus,
e(β) = ϕv(e(α)) and we must have e(β) = e(α). Therefore, g acts as an identity on WR
since WR is generated by {e(α) | α ∈ Φ+(R)}. The desired conclusion now follows from
Proposition 3.17. 
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4. Griess algebra and the central charge of WR
Next we study the Griess algebra and determine the central charge of WR.
Notation 4.1. Let A be a set. We use #(A) to denote the number of elements in A.
Lemma 4.2. Let GR be the Griess subalgebra of WR generated by {e(α) | α ∈ Φ+(R)}.
Then GR = spanZ{e(α) | α ∈ Φ+(R)} and dim GR = #(Φ+(R)).
Proof. By Lemma 3.10, it is clear that spanZ{e(α) | α ∈ Φ+(R)} is closed under the
Griess algebra product. Therefore, we have GR = spanZ{e(α) | α ∈ Φ(R)}.
That {e(α) | α ∈ Φ+(R)} is linearly independent follows from the fact thatMα∩Mβ = 0
whenever α 6= ±β. Note also that
e(α) =
1
16
ωMα +
1
32
∑
β∈Φ+(E8)
(eα⊗β + e−α⊗β)
and {ex | x ∈ L} is a basis of the twisted group algebra C{L}. 
Lemma 4.3. Let R be a simple root lattice of type A,D, or E. For α ∈ R, we define
Φ+α (R) = {β ∈ Φ+(R) | 〈α, β〉 = ±1} and mα = mα(R) = #(Φ+α (R)).
Then mα = 2(h− 2), where h is the Coxeter number of R.
Proof. The lemma can be proved by case by case checking. First we note that
#(Φ(R)) = h · ℓ,
where ℓ is the rank of R. Moreover, 〈α, β〉 = 0,±1,±2 for any α, β ∈ Φ(R).
Set P (α) = {β ∈ Φ(R) | 〈α, β〉 = 0}. Then
mα = mα(R) =
1
2
(#(Φ(R))−#(P (α))− 2) .
For R = An−1, h = n and P (α) is a root system of type An−3. Thus,
mα =
1
2
(n(n− 1)− (n− 2)(n− 3)− 2) = 2(n− 2).
For R = Dn, h = 2n− 2 and P (α) is of type A1 +Dn−2. Thus,
mα =
1
2
(2n(n− 1)− 2(n− 2)(n− 3)− 2− 2) = 2(2n− 2− 2).
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For R = E6, h = 12, P (α) is of type A5 and mα =
1
2
(72− 30− 2) = 20 = 2(12− 2).
For R = E7, h = 18, P (α) is of type D6 and mα =
1
2
(126− 60− 2) = 32 = 2(18− 2).
For R = E8, h = 30, P (α) is of type E7 andmα =
1
2
(240−126−2) = 56 = 2(30−2). 
Lemma 4.4. Let h be the Coxeter number of R and let ℓ be the rank of R. Define
wR =
32
h+ 30
∑
α∈Φ+(R)
e(α).
Then wR is a Virasoro vector of central charge (8ℓh)/(h+ 30). Moreover, we have
(wR)1(e(α)) = (e(α))1(wR) = 2e(α) for all α ∈ Φ+(R).
In particular, wR is the conformal element of WR.
Proof. By Lemma 2.13 (3), we have
(e(α))1e(β) =


2e(α) if α = ±β,
1
32
(e(α) + e(β)− e(α∓ β)) if 〈α, β〉 = ±1,
0 if 〈α, β〉 = 0.
Hence 
 ∑
α∈Φ+(R)
e(α)


1
∑
β∈Φ+(R)
e(β) =
∑
α∈Φ+(R)
(
2e(α) +
1
32
mαe(α)
)
,
where mα = #({β ∈ Φ+(R) | 〈α, β〉 = ±1}) = 2(h− 2) (cf. Lemma 4.3). Therefore,
 ∑
α∈Φ+(R)
e(α)


1
∑
α∈Φ+(R)
e(α) = (2 + 2(h− 2)/32)
∑
α∈Φ+(R)
e(α) =
(h + 30)
16
∑
α∈Φ+(R)
e(α)
and (wR)1(wR) = 2wR. Moreover,
〈wR, wR〉 =
(
32
h + 30
)2 ∑
α∈Φ+(R)
(
1
4
+
1
28
· 2(h− 2)
)
=
4hℓ
h+ 30
.
Hence, the central charge of w is 8hℓ/(h+ 30). In addition, we have
(wR)1e(α) =
32
h+ 30

 ∑
β∈Φ+(R)
e(β)


1
e(α) =
32
h+ 30
(
2e(α) +
1
32
· 2(h− 2)e(α)
)
= 2e(α)
as desired. 
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5. More about WAn−1
In this section, we shall give more details about the VOA WAn−1 . We use the same
notation as in Section 3. In particular, X = En8 and
An−1 = spanZ{νi,j(α) | α ∈ E8, 1 ≤ i < j ≤ n} ∼= An−1 ⊗E8.
For simplicity, we denote
Mi,j = Mǫi−ǫj = {νi,j(α) | α ∈ E8}
and
ei,j = eMi,j =
1
16
ωMi,j +
1
32
∑
β∈Φ+(E8)
(eνi,j(β) + e−νi,j(β)).
For R = An−1, the subgroup generated by Miyamoto involutions {τei,j | 1 ≤ i < j ≤ n}
can be described more explicitly.
Lemma 5.1. Let M = {(α,−α) | α ∈ E8} ⊂ E8 ⊥ E8. Then τeM acts as a transposition
on the two tensor copies of the lattice VOA VE2
8
∼= VE8 ⊗ VE8.
Proof. Set h = C⊗Z (E8 ⊥ E8). First we recall from [LS] (see also [GL]) that τeM acts on
h(−1) · 1(⊂ (VE2
8
)1) as an SSD involution tM , i.e., it acts as −1 on C ⊗Z M and acts as
an identity on the orthogonal complement.
For any x, y ∈ E8, we have
(x, y) =
1
2
[(x− y, y − x) + (x+ y, x+ y)].
Hence, tM(x, y) =
1
2
[−(x− y, y − x) + (x+ y, x+ y)] = (y, x) and
τeM (x, y)(−1) · 1 = (y, x)(−1) · 1.
Moreover, since ε0(x,−12x) ≡ −〈x, x〉 ≡ −2 mod 8 for any root x ∈ E8, we have
(eM)1(e
1
2
(x,−x) + e
1
2
(−x,x))
=
1
16
· 1
2
(e
1
2
(x,−x) + e
1
2
(−x,x)) +
1
32
· ε(x,−1
2
x)2(e
1
2
(x,−x) + e
1
2
(−x,x))
=
1
16
· 1
2
(e
1
2
(x,−x) + e
1
2
(−x,x))− 1
32
(e
1
2
(x,−x) + e
1
2
(−x,x)) = 0
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and
(eM)1(e
1
2
(x,−x) − e 12 (−x,x))
=
1
16
· 1
2
(e
1
2
(x,−x) − e 12 (−x,x))− 1
32
· ε(x,−1
2
x)2(e
1
2
(x,−x) − e 12 (−x,x))
=
1
16
· 1
2
(e
1
2
(x,−x) − e 12 (−x,x)) + 1
32
(e
1
2
(x,−x) − e 12 (−x,x))
=
1
16
(e
1
2
(x,−x) − e 12 (−x,x)).
In other words, (e
1
2
(x,−x) + e
1
2
(−x,x)) is a highest weight vector of eM of weight 0 and
(e
1
2
(x,−x) − e 12 (−x,x)) is a highest weight vector of eM of weight 1/16 for any root x ∈ E8.
Therefore, we have
τeM (e
1
2
(x,−x) + e
1
2
(−x,x)) = e
1
2
(x,−x) + e
1
2
(−x,x), and
τeM (e
1
2
(x,−x) − e 12 (−x,x)) = −(e 12 (x,−x) − e 12 (−x,x)).
Note that e(x,0) = e
1
2
(x,x)
−1 e
1
2
(x,−x) and e(0,x) = e
1
2
(x,x)
−1 e
1
2
(−x,x). Moreover,
e
1
2
(x,−x) =
1
2
[
(e
1
2
(x,−x) + e
1
2
(−x,x)) + (e
1
2
(x,−x) − e 12 (−x,x))
]
,
e
1
2
(−x,x) =
1
2
[
(e
1
2
(x,−x) + e
1
2
(−x,x))− (e 12 (x,−x) − e 12 (−x,x))
]
.
Thus, we have
τeM (e
(x,0)) = e(0,x) and τeM (e
(0,x)) = e(x,0).
Since VE2
8
is generated by e(x,0), e(0,x), and h(−1) · 1, we have the desired conclusion. 
Remark 5.2. Let N = {(α, α) | α ∈ E8} ⊂ E8 ⊥ E8. Then by the same argument as in
Lemma 5.1, we also have
τeN (x, y)(−1) · 1 = −(y, x)(−1) · 1,
τeN (e
(x,y)) = e−(y,x).
As a corollary, we have the following.
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Corollary 5.3. For 1 ≤ i < j ≤ n, τei,j acts as a transposition (i, j) on VE8 ⊗ · · · ⊗ VE8,
i.e.,
τei,j(a1 · · · ⊗ai⊗ · · · ⊗aj⊗ · · · an) = a1 ⊗ · · · ⊗aj⊗ · · · ⊗ai⊗ · · · an.
↑ ↑ ↑ ↑
i-th j-th i-th j-th
Corollary 5.4. Let G = G(An−1) be the subgroup generated by {τei,j | 1 ≤ i < j ≤ n}.
Then G is isomorphic to the symmetric group Sn of degree n.
Notation 5.5. For any root α ∈ E8, denote
Hα = d(α)(−1) · 1 = (ι1(α) + · · ·+ ιn(α)(−1) · 1,
Eα = e
ι1(α) + · · ·+ eιn(α).
Then {Hα, Eα | α ∈ E8 is a root} generates a subVOA isomorphic to the affine VOA
LE8(n, 0) in VX associated to the affine Kac Moody Lie algebra of type E
(1)
8 (see [DL,
Proposition 13.1] and [FZ]).
Lemma 5.6. Let W˜ = ComVL(LE8(n, 0)). Then all e
i,j , 1 ≤ i < j ≤ n, are contained in
W˜ . Moreover, WAn−1 = V OA(ei,j | 1 ≤ i < j ≤ n) is a full subVOA of W˜ .
Proof. Recall that Hα = (ι1 + · · · + ιn)(α)(−1) · 1 and Eα = eι1(α) + · · ·+ eιn(α) for any
root α ∈ E8. Since Mi,j ⊥ {(ι1 + · · ·+ ιn)(α) | α ∈ E8}, it is clear that
(Hα)ke
i,j = 0 for any k ≥ 0.
Moreover,
(Eα)ke
i,j = 0 for any k ≥ 1,
since (V +An−1)1 = 0.
WEYL GROUPS AND VOA 21
By a direct calculation, we also have
(Eα)0e
i,j = (eι1(α) + · · ·+ eιn(α))0

 1
16
ωMi,j +
1
32
∑
α∈Φ+(E8)
(eιi(α)−ιj (α) + eιj(α)−ιi(α))


=
1
16
(
〈α, α〉21
8
(ιi(α)(−1)eιi(α) + ιj(α)eιj(α))
−2〈α, α〉1
8
((ιi(α)− ιj(α))eιi(α) − (ιi(α)− ιj(α))eιj(α))
)
+
1
32
ε(α,−α)(ιj(α)(−1)eιi(α) + ιi(α)(−1)eιj(α))
= 0.
Note that the central charge of W˜ = 8n− n(248)
n+30
= 8(n
2−n)
n+30
, which is the central charge of
WAn−1 . Hence WAn−1 is a full subVOA of W˜ . 
Remark 5.7. We believe that the commutant VOA W˜ is generated by its weight two
subspace. If it is true, then W˜ =WAn−1.
5.1. Group of the shape 3k : Sn. Next, we shall construct a VOA generated by Ising
vectors such that the subgroup generated by the corresponding Miyamoto involutions has
the shape 3n−2 : Sn if n = 0 mod 3 or 3n−1 : Sn if n 6= 0 mod 3. A special case when
n = 3 has been discussed in [CL].
We continue to use the notation in Section 3 and Lemma 5.6.
Definition 5.8. Let δ ∈ E8 such that
K := {β ∈ E8 | 〈β, δ〉 ∈ 3Z} ∼= A8.
Define an automorphism ρi of VX by
ρi = exp
(
2π
√−1
3
ιi(δ)(0)
)
.
Then ρi has order 3 and the fixed point subspace (VMi,j )
ρi ∼= V√2A8 .
Notation 5.9. Let I = {ρℓi(ei,j) | 1 ≤ i < j ≤ n, ℓ = 0, 1, 2}. Then I is a set of Ising
vectors in VX . Note that ρ
ℓ
i(e
i,j) = ρ−ℓj (e
i,j) for any i, j = 1, . . . , n and ℓ = 0, 1, 2.
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Lemma 5.10. Let i, j, k, r, p, q ∈ {1, . . . , n} and ℓ, s = 0, 1, 2. Then
〈ρℓk(ei,j), ρsr(ep,q)〉 =


0 if {i, j} ∩ {p, q} = ∅,
1
28
if either #({i, j} ∩ {p, q}) = 1, or
{i, j} = {p, q} but ρℓk(ei,j) 6= ρsr(ep,q),
1
4
if ρℓk(e
i,j) = ρsr(e
p,q).
Proof. See 3C case of [LYY1] and Lemma 3.11. 
Lemma 5.11. Let {i, j} ⊂ {1, . . . , n} and ℓ = 0, 1, 2. Then τρℓi(ei,j)τei,j = ρℓiρ−ℓj as an
automorphism of VX .
Proof. By Lemma 5.1 and Corollary 5.3, τei,j acts as the transposition (i, j) on the tensor
copies of the VOA VX ∼= VE8 ⊗ · · · ⊗ VE8 .
Since ρi is trivial on M(1) and τei,j (M(1)) ⊂ M(1), we have
τρℓi (ei,j)τei,ju = ρ
ℓ
iτei,jρ
−ℓ
i τei,ju = ρ
ℓ
iτei,jτei,ju = u for all u ∈M(1).
Moreover,
τρℓ
i
(ei,j)τei,je
(x1,...,xn) = ρℓiτei,jρ
−ℓ
i τei,je
(x1,...,xn) = exp
(
2π
√−1
3
ℓ(〈xi, δ〉 − 〈xj , δ〉)
)
e(x1,...,xn),
where (x1, . . . , xn) ∈ En8 . Thus, we have τρℓi(ei,j)τei,j = ρℓiρ
−ℓ
j as an automorphism of
VX . 
Lemma 5.12. The set I satisfies the (2B, 3C)-condition.
Proof. By Lemma 5.10, it suffices to show that V OA(e, f) ∼= U3C if 〈e, f〉 = 1/28. On the
other hand, by Lemma 5.11, we know that τρℓi (ei,j)τρ
s
i (e
i,j) has order 3 or 1. Moreover,
(6) ρℓiτei,j = τei,jρ
ℓ
j for any i, j, ℓ.
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Therefore,
(τρℓ
i
(ei,j)τei,k)
3 = (ρℓiρ
−ℓ
j τei,jτei,k)
3
= ρℓiρ
−ℓ
j τei,jτei,kρ
ℓ
iρ
−ℓ
j τei,jτei,kρ
ℓ
iρ
−ℓ
j τei,jτei,k
= ρℓiρ
−ℓ
j ρ
ℓ
kρ
−ℓ
i τei,jτei,kτei,jτei,kρ
ℓ
iρ
−ℓ
j τei,jτei,k
= ρℓiρ
−ℓ
j ρ
ℓ
kρ
−ℓ
i τei,jτei,kτei,jτei,kτei,jτei,kρ
ℓ
jρ
−ℓ
k
= ρℓiρ
−ℓ
j ρ
ℓ
kρ
−ℓ
i ρ
ℓ
jρ
−ℓ
k = 1.
Similarly, τρℓi(ei,j)τρsi (ei,k) also has order 3. 
Recall that K = {β ∈ E8 | 〈β, δ〉 ∈ 3Z} ∼= A8. Then {Hα, Eα | α ∈ K is a root}
generates a subVOA isomorphic to LA8(n, 0), which is an irreducible level n representation
of sˆl9(C).
Proposition 5.13. Let W˜ := ComVX (LA8(n, 0)). Then I ⊂ W˜. Moreover, the central
charge of W˜ is 8n(n− 1)/(n+ 9).
Proof. The proof is similar to Lemma 5.6. Since I ⊂ VAn−1 , it is clear that (Hα)ne = 0
for all n ≥ 0 and e ∈ I.
By Lemma 5.6, it is clear that (Eα)ne
i,j = 0 for all n ≥ 0 and i, j ∈ {1, . . . , n}. It is
also clear that (Eα)nρ
k
i e
i,j = 0 for any n ≥ 2 and k = 1, 2.
For any root α ∈ K, we have
(Eα)1ρ
k
i e
i,j = (eι1(α) + · · ·+ eιn(α))1

 1
16
ωMi,j +
1
32
∑
α∈Φ+(E8)
ρki (e
ιi(α)−ιj(α) + eιj(α)−ιi(α))


=
1
16
(
〈α, α〉21
8
(eιi(α) + eιj(α))
)
+
1
32
ε(α,−α)(eιi(α) + eιj(α)) = 0,
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and
(Eα)0ρ
k
i e
i,j = (eι1(α) + · · ·+ eιn(α))0

 1
16
ωMi,j +
1
32
∑
α∈Φ+(E8)
ρki (e
ιi(α)−ιj(α) + eιj(α)−ιi(α))


=
1
16
(
〈α, α〉21
8
(ιi(α)(−1)eιi(α) + ιj(α)eιj(α))
−2〈α, α〉1
8
((ιi(α)− ιj(α))eιi(α) − (ιi(α)− ιj(α))eιj(α))
)
+
1
32
ε(α,−α)(ιj(α)(−1)eιi(α) + ιi(α)(−1)eιj(α))
= 0.
Therefore, (Eα)nρ
k
i e
i,j = 0 for all n ≥ 0. 
Proposition 5.14. The commutant subVOA W˜ = ComVX (LA8(n, 0)) has zero weight one
subspace.
Proof. The proof is similar to Theorem 5.4 of [CL].
Since h(−1) · 1 ∈ LA8(n, 0) for all h ∈ d(E8), the commutant subVOA
ComVX (LA8(n, 0)) ⊂ VAn−1 .
Therefore, it suffices to show W˜ ∩ (VAn−1)1 = 0.
Since An−1 has no roots, we have
(VAn−1)1 = span{h(−1) · 1 | h ∈ An−1}.
Let h =
∑n
i=1 aiιi(βi) ∈ An−1. Then
(Eα)0h(−1) · 1 =
n∑
i=1
ai〈α, βi〉eιi(α).
Suppose h(−1) · 1 ∈ W˜ . Then we have ai〈α, βi〉 = 0 for all root α ∈ K. For ai 6= 0, we
must have 〈α, βi〉 = 0 for all root α ∈ K. Thus 〈βi, K〉 = 0 and βi = 0 since K is a full
rank sublattice of E8. Hence h = 0 as desired. 
Proposition 5.15. Let G be the subgroup generated by {τe | e ∈ I}. Then as an auto-
morphism subgroup of W, G has the shape 3n−2:Sn if n = 0 mod 3 and 3n−1:Sn if n 6= 0
mod 3.
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Proof. By Theorem 3.19 (see also Corollary 5.3), the subgroup generated by
{τei,j | 1 ≤ i < j ≤ n}
is isomorphic to Sn. By Lemma 5.11, we have an elementary abelian 3-group H generated
by ρiρ
−1
j for i, j ∈ {1, . . . , n}. It is also straightforward to show by the same arguments
as in Lemma 5.11 (see also Equation (6)) that G has the shape H : Sn.
It remains to show that the order of H is

3n−2 if n = 0 mod 3,
3n−1 if n 6= 0 mod 3.
Let h = ρa11 · · · ρann ∈ H . Then a1 + · · ·+ an = 0. Suppose h = id on VAn−1 . Then we
have ai − aj = 0 mod 3 for all i, j. It implies
0 = a1 + · · ·+ an = nai mod 3.
That means n = 0 mod 3 or a1 = · · · = an = 0 mod 3.
Therefore, |H| = 3n−1 if n 6= 0 mod 3 and |H| = 3n−2 if n = 0 mod 3. 
The next proposition is essentially proved in [CL, Theorems 6.11 and 6.12] with some
minor modifications.
Proposition 5.16. The commutant VOA W˜ = ComVX (LA8(n, 0)) is generated by I =
{ρℓi(ei,j) | 1 ≤ i < j ≤ n, ℓ = 0, 1, 2}. In particular, W = W˜.
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